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Abstract
We study the electronic band structures of massless Dirac fermions in symmetrical graphene
superlattice with cells of three regions. Using the transfer matrix method, we explicitly determine
the dispersion relation in terms of different physical parameters. We numerically analyze such
relation and show that there exist three zones: bound, unbound and forbidden states. In the central
zone of the band structures, we determine and enumerate the vertical Dirac points, opening gaps
and additional Dirac points. Finally, we inspect the potential effect on minibands, the anisotropy
of group velocity and the energy bands contours near Dirac points. We also discuss the evolution
of gap edges and cutoff region near the vertical Dirac points.
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1 Introduction
Graphene [1, 2] is one of the most interesting two-dimensional system realized in modern physics
right now. This is particularly due the fact that the physics of low-energy carriers in graphene is
governed by a Dirac-like Hamiltonian and carriers are massless fermions of band structures without
energy gap [3–5]. As a consequence of this relativistic-like behavior particles could tunnel through very
high barriers in contrast to the conventional tunneling of non-relativistic particles, an effect known in
relativistic field theory as Klein tunneling. This effect has already been observed experimentally [6]
in graphene systems. There are various ways for creating barrier structures in graphene [7, 8]. For
instance, it can be done by applying a gate voltage, cutting the graphene sheet into finite width to
create a nanoribbons, using doping or through the creation of a magnetic barrier.
To understand the graphene basic physical properties, numerous works for single layer graphene
superlattices (SLGSLs) have been appeared studying the band structure theory for various kinds of
periodic potentials [9]. Increasing interest in SLGSLs results from the prediction of possibly engi-
neering the system band structure by the periodic potential, which opens different ways to fabricate
graphene-based electronic devices. Experimentally, the profile of periodic potentials (graphene-based
superlattices) can be realized by interaction with a substrate [10, 11] or controlled by adatome depo-
sition [12]. Theoretically, it can be generated by application of the electrostatic potential [13–18] and
magnetic barriers [19–23]. In fact, graphene-based superlattices formed by modulated potentials were
studied using different approaches. The corresponding electronic band structure of electric and mag-
netic SLGSLs showed emergence of additional Dirac points and a strong anisotropic renormalization
of the carrier group velocity [13, 15–18]. It is also showed that SLGSLs have important properties
for electronic applications such as an excellent electric conductivity and possibility to control the
electronic structure externally.
The purpose of the present work is to study the electronic band structures of single layer graphene
superlattice formed by identical cells of three regions (SLGSL-3R) using transfer matrix approach. This
generalizes that of a graphene-based superlattice formed by a Kronig-Penny periodic potential [18]
where a new region is introduced between the barrier and well, called central region, according to the
potential profile in Figure 1a. After matching different regions at interfaces, we explicitly determine the
dispersion relation in terms of different physical parameters. These allow us to locate the emergence
of the horizontal contact points (HCPs) and vertical contact points (VCPs). Around such points, we
expand the dispersion relation to easily evaluate the group velocity components and therefore show
that the contact points are really the emerged Dirac points in SLGSL-3R. Analyzing numerically
the dispersion relation, we show that there exist three zones: bound, unbound and forbidden states.
Subsequently, we determine and enumerate VDPs (ky = 0) and opening gaps in the central zone of
the band structures as well as Dirac points in minibands. Finally, we study the potential effect on
minibands, the anisotropy of group velocity and the energy bands contours near Dirac points as well
as discuss the evolution of edge gaps and cutoff region near VDPs.
The present paper is organized as follows. In section 2, we introduce the theoretical model de-
scribing SLGSL-3R and determine the energy spectrum for one cell composed of three regions. This
will be used to explicitly obtain the dispersion relation for the whole SLGSL-3R using transfer matrix
method. We numerically analyze the electronic band structures and therefore underline the main fea-
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tures exhibited by our system in section 3. We conclude our work and summarize the obtained results
in section 4. Finally, our paper is closed by an appendix dealing with the contact points location in
the center and edges of the first Brillouin zone. With these we will be able to derive an approximate
dispersion relation and therefore obtain the corresponding normalized group velocities.
2 Theoretical model
To neglect the edge effects, we consider an infinitely large single layer graphene deposited on a substrate
of silicon dioxide (SiO2) (Figure 1b) and subjected to a very long periodic potential (Figure 1a) along
the x-direction. It contains n elementary cell labeled by j (j = 0, · · · , n−1) and each one is composed
by a juxtaposition of three single square barriers with different height (V1, V2, V3) and width (d1, d2, d3),
with d = d1 + d2 + d3 is the width of the entire cell.
(a)
(b)
Figure 1 – (Color online) (a): The superlattice potential V (x) composed of three amplitudes (V1, V2, V3) and each one
is associated to a given region i. It is growing along the x-direction with the period d = d1 + d2 + d3 and di is the width
of region i. (b): Showing a single layer graphene under V (x) deposed on silicone dioxide (SiO2) substrate where each color
represented on the substrate corresponds to a given region.
The j-th elementary cell has two internal junctions in the positions (x2 = jd+ d1, x3 = jd+ d1 + d2)
and two extreme junctions in the positions (x1 = jd, x4 = (j + 1) d). According to Figure 1a, for j-th
elementary cell the potential is given by
V j(x) =

V1 if jd < x < d1 + jd
V2 if d1 + jd < x < d1 + d2 + jd
V3 if d1 + d2 + jd < x < (1 + j)d
(1)
Our graphene superlattice consists of n elementary cells, which are interposed between the input and
output regions described by the free Hamiltonian
Hin/out = vFσ ·p (2)
while, each region i of j-th elementary cell (Figure 1a) has the Hamiltonian
Hji = vFσ ·p+ V ji I (3)
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where p = (px, py) is the momentum operator, vF ≈ 106m/s the Fermi velocity, σ = (σx, σy) the Pauli
matrices, I the 2× 2 unit matrix and the index i = 1, 2, 3.
For a given cell j, we can solve the eigenvalue equation(
Vi − Ei vF (px − ipy)
vF (px + ipy) Vi − Ei
)(
ϕAi
ϕBi
)
= 0 (4)
with the eigenespinors ψi(x, y) =
(
ϕAi ϕ
B
i
)T
and ϕ
A/B
i are smooth enveloping functions for two
triangular sublattices (A, B) in graphene, which take the forms ϕ
A/B
i (x)e
ikyy due to the translation
invariance in the y-direction. It is convenient to introduce the dimensionless quantities Vi = Vi/EF ,
εi = Ei/EF with EF = ~vF /d and therefore getting two dependent equations
− (εi − Vi)ϕAi +
d
~
(px − i~ky)ϕBi = 0 (5)
−(εi − Vi)ϕBi +
d
~
(px + i~ky)ϕAi = 0 (6)
giving rise the second order differential equations
d2
~2
(p2x + ~2k2y)ϕ
A,B
i = (εi − Vi)2ϕA,Bi . (7)
For the first spinor component ϕAi (x), the solution reads as
ϕAi = αie
ikix + βie
−ikix (8)
where the wave-vector along the direction of propagation in each region i is giving by
ki =
1
d
√
(ε− Vi)2 − (kyd)2 (9)
and αi, βi are the amplitude of positive and negative propagation wave-functions inside the region i,
respectively. Using (5) to obtain the second spinor component
ϕBi = αisie
iθieikix − βisie−iθie−ikix (10)
where we have set θi = arctan
(
ky
ki
)
. Finally, the general solution takes the form
ψi(x, y) = ψi(x)e
ikyy (11)
and the function along x-direction can be written as
ψi(x) = wi(x)Di (12)
such that the involved quantities are
wi(x) =
(
eikix e−ikix
sie
iθieikix −sie−iθie−ikix
)
, Di =
(
αi
βi
)
(13)
with si = sign(ε − Vi). The solution of the energy spectrum of the Hamiltonian (2) can easily be
derived from that obtained in (9) and (11) as a particular case. This is
ψin/out(x, y) = w0(x)e
ikyyDin/out. (14)
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Note that, our graphene superlattice is adiabatic and does not provide an exchange of energy with the
external environment, which leaves the Fermi energy of the Dirac fermions preserved Ei = E (εi = ε)
during propagation via all the elementary cells of the superlattice.
Recall that the obtained dispersion relation (9) is for one region i, now it is natural to ask about
that of the whole charge carriers in single layer graphene superlattice with three regions (SLGSL-
3R). In getting such total dispersion relation, we use transfer matrix technique and apply the Bloch
theorem. Indeed, first we determine the transfer matrix by using the continuity of the eigenspinors at
different interfaces, which gives, for a unit cell (n = 1, j = 0), the relations
w0(0)Din = w1(0)D1 (15)
w1(d1)D1 = w2(d1)D2 (16)
w2(d1 + d2)D2 = w3(d1 + d2)D3 (17)
w3(d)D3 = w0(d)Dout. (18)
Now connecting the amplitudes of propagation of the input Din = D0 with those of the output
Dout = Dd of the unit cell to obtain
Din = T1Dout (19)
where the transfer matrix takes the form
T1 = w−10 (0) Ω w0(d) (20)
and Ω is given by
Ω = w1(0)w
−1
1 (d1)w2(d1)w
−1
2 (d1 + d2)w3(d1 + d2)w
−1
3 (d) (21)
= w1(jd)w
−1
1 (d1 + jd)w2(d1 + jd)w
−1
2 (d1 + d2 + jd)w3(d1 + d2 + jd)w
−1
3 ((1 + j)d). (22)
Using the same iterative method of small to very large n, we find the general relation connecting input
and output amplitudes
Din = TnDout (23)
where now Dout = Dnd and the transfer matrix associated with n identical unit cells reads as
Tn = w−10 (0) Ωn w0(nd). (24)
Calculating the determinant and trace of (21) to end up with the results
det(Ω) = 1 (25)
Tr(Ω) = 2 [cos(k1d1) cos(k2d2) cos(k3d3) +G12 sin(k1d1) sin(k2d2) cos(k3d3) (26)
+ G13 sin(k1d1) sin(k3d3) cos(k2d2) +G23 sin(k2d2) sin(k3d3) cos(k1d1)]
where we have set the quantity
Gij =
(Vi − Vj)2 − (k2i + k2j )d2
2kikjd2
, ki,j 6= 0. (27)
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Recall that SLGSL-3R is periodic, then one has to use the Bloch theorem and write the spinor (12)
along x-direction as
Bψi(x) = ψi(x)e
ikxx (28)
where kx is the Bloch wave vector. Therefore, the periodic condition at the extremity of the j-th cell
imposes
Bψ1(x
+
1 ) =
Bψ3(x
−
4 ) (29)
and now the continuity conditions at interfaces give
Bψ1(x
−
2 ) =
Bψ2(x
+
2 ) (30)
Bψ2(x
−
3 ) =
Bψ3(x
+
3 ). (31)
Because of the system periodicity, we can shift a potential cell to the origin x = 0, which corresponds
to take j = 0. In this case (29), (30) and (31) become
w1(0)D1 = w3(d)D3e
ikxd (32)
w1(d1)D1 = w2(d1)D2 (33)
w2(d1 + d2)D2 = w3(d1 + d2)D3. (34)
They can be used to express D3 in terms of D1 as
D3 = w
−1
3 (d)w1(0)D1e
−ikxd (35)
= w−13 (d1 + d2)w2(d1 + d2)w
−1
2 (d1)w1(d1)D1. (36)
Now using (13) together with (35) and (36) to obtain the relation
M
(
α1
β1
)
= 0 (37)
where the matrix M is giving by
M = w−13 (d)w1(0)e
−ikxd − w−13 (d1 + d2)w2(d1 + d2)w−12 (d1)w1(d1). (38)
The non-trivial solution of (37) corresponds to det(M) = 0. Doing this, to end up with the dispersion
relation for SLGSL-3R
cos(kxd) = cos(k1d1) cos(k2d2) cos(k3d3) +G12 sin(k1d1) sin(k2d2) cos(k3d3)
+G13 sin(k1d1) sin(k3d3) cos(k2d2) +G23 sin(k2d2) sin(k3d3) cos(k1d1) (39)
which can be written using (25) as
cos(kxd) =
1
2
Tr(Ω). (40)
Note that, an interesting limiting case can be derived from our results (39) by requiring d2 = 0,
which gives the dispersion relation of single layer graphene superlattice with two regions of potential
(SLGSL-2R) [18]
cos(kxd) = cos(k1d1) cos(k3d3) +
(V1 − V3)2 − (k21 + k23)d3
2k1k3d3
sin(k1d1) sin(k3d3). (41)
In the forthcoming analysis, we focus on the numerical study of the dispersion relation (39) in order
to extract more information about our SLGSL-3R. Also different comparisons with respect to (41)
and discussions will be reported.
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3 Results and discussions
We will numerically analyze the dispersion relation (39) in terms of the involved parameters (q, V, d)
characterizing the applied potential. To describe the symmetric effect of such potential, we introduce
the distance qi=di/d with i = 1, 2, 3 and 0≤qi≤1, giving rise q = {q1, q2, q3}. For simplicity, we choose
the configuration of symmetrical SLGSL-3R (SSLGSL-3R)
(
q =
{
1−q2
2 , q2,
1−q2
2
}
,V1 = −V3 ≡ V,V2 ≡ 0
)
with d = 10 nm in order to carry out our calculations.
3.1 Electronic band structures
(a) (b)
(c) (d)
Figure 2 – (Color online) General behavior of electronic band structures for (a): SSLGSL-3R with q2 = 13 and (b):
SSLGSL-2R (q2 = 0). Different zones of the electronic band structure for (c): SSLGSL-3R and (d) SSLGSL-2R.
Figure 2 illustrates the electronic band structures for SSLGSL-3R versus the wave vector ky for
the case q2 =
1
3 . The three potentials (V, V2 = 0, −V) give three cones colored by red, blue and
green (Figures 2a and 2c), respectively. The combination of these cones delivers five different zones
of yellow, magenta, brown, orange and white colors (Figure 2c). The zone of unbound states (yellow)
consists of two lozenges and two half-lozenges, one and half-lozenge are at positive energy and one
and half-lozenge at negative energy. The zone of non-parabolic bound states (magenta) contains
opening gaps. The central zone (CZ) is formed by two yellow and two magenta lozenges. Brown zones
contain serried parabolic bound states, which come directly from the yellow lozenges of the unbound
states. The orange zones contain less serried bound states that come from brown or magenta zones,
whereas the white zone is forbidden. Note that, there are horizontal and vertical mirror symmetries,
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i.e. τε(κky) = const with τ, κ = ±1. Figures 2b and 2d show the electronic band structure behavior of
symmetrical SLGSL-2R (SSLGSL-2R) where the superposition of the two cones red and green generate
three distinct zones illustrated by the yellow, brown and white colors. These zones contain unbound,
bound and forbidden states, respectively. The band structure does not contain non-parabolic bound
states.
(a) l = 0 (b) l = 1 (c) l = 2
(d) l = 0 (e) l = 1 (f) l = 2
Figure 3 – (Color online) Potential effect on the minibands of the electronic band structures. For 2pil<V≤2(l + 1)pi with
l ∈ N, V = 2(l + 1
4
)pi: blue color, V = 2(l + 1
2
)pi: red color, V = 2(l + 3
4
)pi: green color, and V = 2(l + 1)pi: purple color.
(a), (b), (c) for SSLGSL-3R with q2 =
1
3
. (d), (e), (f) for SSLGSL-2R.
After analyzing the potential effect on the minibands of the electronic band structures for SSLGSL-
3R with q2 =
1
3 (Figures 3a, 3b, 3c) and SSLGSL-2R (Figures 3d, 3e, 3f), we summarize the following
observations
• SSLGSL-3R with q2 = 13 :
– In Figure 3a (0 < V ≤ 2pi), there is a single Dirac point located at the origin. All cones
corresponding to different values of V are intersected in the original Dirac point (ODP).
– In Figure 3b (2pi<V≤4pi), there is only one Dirac point for all potentials where the opening
gaps of its cone decrease with V. For each potential, there is an emergence of two opening
gaps, which decrease with V moving away from ODP.
– In Figure 3c (4pi <V≤ 6pi), there is always a single Dirac point centered at the origin as
7
before, but we have appearance of four opening gaps, two for positive ky and two others
for negative ky.
– According to the above analysis, we conclude that in general way for any potential such
that 2pil<V≤2(l + 1)pi with l ∈ N, one gets 2l opening gaps.
• SSLGSL-2R:
– In Figure 3d (0<V≤2pi), there is a single Dirac point located at the origin where all cones
are intersected. Gradually as V increases the cone opens and becomes parabolic at the
value V = 2pi.
– In Figure 3e (2pi<V≤ 4pi), for each value of V in addition to ODP there is an emergence
of tow additional Dirac points (ADPs), which are symmetric with respect to the original
Dirac point.
– In Figure 3f (4pi<V≤6pi), it is appeared four ADPs.
– We notice that if 2pil<V≤2(l + 1)pi with l ∈ N, we have 2l ADPs. In this particular case,
the opening gaps close to give ADPs located at kyDm =
√
V2 − (2mpi)2/d (see Appendix).
(a) l = 0,V = pi (b) l = 1,V = 3pi (c) l = 2,V = 5pi
(d) l = 0,V = pi (e) l = 1,V = 3pi (f) l = 2,V = 5pi
Figure 4 – (Color online) Inventory of vertical Dirac points in central zone and bound states in electronic band structures
with kx ∈ [0, 2pid ]. (a), (b), (c) for SSLGSL-3R with q2 = 13 . (d), (e), (f) for SSLGSL-2R.
In the following, we enumerate the vertical Dirac points (ky = 0) (VDPs) and bound states in
SSLGSL-3R and SSLGSL-2R where 2pil<V≤2(l+1)pi. For SSLGSL-3R, Figures 4a, 4b, 4c show that
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there are (4l + 3) VDPs (one of them is ODP) placed in the central zone (−V≤ε≤V), and each two
consecutive one are separated by ∆ε=pi. Between two consecutive VDPs, there are unbound states
forming a lobe and therefore for (4l + 3) VDPs we have 2(2l + 1) lobes. As long as ky is increased
lobes are reduced to (2l+ 1) bound states (non-parabolic and parabolic forms) in each quarter part of
spectrum. For SSLGSL-2R, Figures 4d, 4e, 4f show that there is the same number of VDPs, lobes and
bound states as for SSLGSL-3R. In this case, there is disappearance of non-parabolic bound states.
Figure 5 – (Color online) Effect of the distance q2 on SSLGSL-3R for kx = 0, V = 12, q2 = 12 (blue color), q2 =
1
3
(red
color), q2 =
1
4
(green color), q2 = 0 (purple color).
To highlight the role of the central region, we present in Figure 5 the effect of the distance q2
on SSLGSL-3R for V = 12, which is showing the opening gaps and its displacements towards ODP.
The opening gap decreases as long as q2 decreases until a Dirac point is obtained. Two extreme cases
occur: for q2 =
d2
d −→ 0 our system behaves like SSLGSL-2R whereas for q2 −→ 1 it behaves like a
pristine graphene with a single Dirac point at the origin.
(a) (b) (c)
Figure 6 – (Color online) Location of VDPs in SSLGSL-3R for q2 = 14 (blue curve), q2 =
1
3
(green curve), q2 =
1
2
(red
curve), V = 5pi. (a): kx = 0. (b): kx = ±pid . (c): ky = 0 for any V and any q2.
Figure 6a (6b) presents, for V = 5pi, the location of VDPs in the case kx = 0 (kx = ±pid ) for
SSLGLS-3R with three configurations of q. We observe the appearance of VDPs at energies 0,±2pi
(±pi), which are in agreement with the analytic results (53) ((54)) obtained in Appendix. The choice of
potential amplitudes (V1 = −V3,V2 = 0) and the distances (q1 = q3) reduces (53-54) to the following
energies
ε (kx = 0) = 2mpi, ε
(
kx =
pi
d
)
= ε
(
kx = −pi
d
)
= (2m± 1)pi. (42)
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Now, it is clear that the appearance of VDPs is corresponding to take the configuration m = 0,±1
(m = 0). Figure 6c presents the VDPs location for ky = 0, and we observe that the band structures
are independent on the parameters V and q2.
(a) (b)
Figure 7 – (Color online) Contour plot of the energy band ε ∈ [0, 3] with step 0.15, V = 3pi. (a): SSLGSL-3R with q2 = 13 ,
(b): SSLGSL-2R.
Figure 7 shows the contour plot of the low energy band around the Dirac points for two config-
urations of SSLGSL-3R and SSLGSL-2R with V = 3pi. The choice of such value of V allows us to
have an ODP for SSLGSL-3R (Figure 7a) and three ADPs for SSLGSL-2R (Figure 7b). Each panel
of the Figure 7 contains two Brillouin zones where there is closed (not closed) energies contours corre-
sponding to the unbound (bound) states. We notice that there is an anisotropy of contours near Dirac
points, in fact we have a clear difference between the contours at ODP (ellipse-like) and those near
the additional ones (fewer symmetric contours on two sides). At some level of energy, the contours
of the three Dirac points merge by giving a single contour in the form of a dumbbell, which envelops
the three Dirac points. To understand the energy dispersion near Dirac points, we write (71) around
ODP for SSLGSL-3R as
ε = ±d
√
k2x +
1
V2
(
2 + q22V2 − 2 cos((q2 − 1)V)− 2q2V sin ((q2 − 1)V)
)
k2y (43)
which describes the elliptical contours of the energies in the vicinity of ODP for SSLGSL-3R with
q2 =
1
3 in Figure 7a and SSLGSL-2R in Figure 7b. In order to explain the difference between the
contour at the ODP and those at ADPs in Figure 7b for SSLGSL-2R, we have to find the dispersion
relation around ADPs. Indeed, writing (71) in the vicinity of (kx = 0, ky = kyDm , ε = 0), we obtain
εm = ±d
√√√√k2x +
[
1−
(
2mpi
V
)2]2 (
ky − kyDm
)2
. (44)
For Figure 7b, (44) can be written as
ε1 = ±d
√√√√k2x + (59
)2(
ky −
√
5pi
d
)2
. (45)
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(74) in Appendix gives the dispersion relation in the vicinity of VDP (kx =
pi
d , ky = 0, ε = pi)
ε− pi = ±
√
d2(kx − pi
d
)2 +B2(pi)k2y (46)
as well as that in the vicinity of VDP (kx = −pid , ky = 0, ε = pi)
ε− pi = ±
√
d2(kx +
pi
d
)2 +B2(pi)k2y (47)
which explains the energy contours around the points (kx = ±pid , ky = 0, ε = pi) in Figure 7.
(a) (b)
Figure 8 – (Color online) Evolution of mini-band edges for V = 4 and ky = 0.12 nm−1. (a): q =
{
1−q2
2
, q2,
1−q2
2
}
. (b):
q = {q1, 1− 2q1, q1} with 0 ≤ q1 ≤ 12 .
In Figure 8a (8b), we illustrate the evolution cutting slices between the energy cones and the
plane ky = 0.12 nm
−1 in similar way as in [18], for SSLGSL-3R with configuration q = {1−q22 , q2, 1−q22 }
(q = {q1, 1−2q1, q1}, 0≤q1≤ 12). We choose V=4 so that there is no opening gaps and ky = 0.12 nm−1
to stay widely near to ODP. When q2 (q1) varies from 0 to 1
(
1
2
)
, the system gradually changes from
a SSLGSL-2R (pristine graphene) to a pristine graphene (SSLGSL-2R) through SSLGSLs-3R. The
yellow slice at mini-bands, called ”cutoff region”, has the width of |2dky| on the side of q2 = 1
(q1 = 0), i.e. when the system becomes pristine graphene. The width of the yellow slice is smaller
on the side of SSLGSL-2R. Away from mini-bands, the orange slices are the band gaps near VDPs
in the bound states zone (brown zone in Figure 2). When q2 (q1) increases (decreases), the width
of band gaps decrease until their disappearance when the system becomes pristine graphene. When
q2 −→ 1 (q2 −→ 0), the band structures contain only ODP with a purely linear dispersion. Figures
8a, 8b show a mirror symmetry between them. The ”cutoff region” and the band gaps in SSLGSL-3R
are horizontal unlike those corresponding to SSLGSL-2R [18].
3.2 Normalized group velocity
For SSLGSL-3R, we can derive the two components of the normalized group velocity near ODP from
(73) (see Appendix). Thus, they are given by
vx
vF
= 1,
vy
vF
=
1
V
√
2 + q22V2 − 2 cos ((q2 − 1)V)− 2q2V sin ((q2 − 1)V). (48)
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In Figure 9a, we represent the normalized group velocity
vy
vF
versus the potential amplitude V with
some values of q2 for the electronic band structures in the vicinity of ODP. According to Figure 9a,
we summarize the following interesting results:
• When q2 increases, the amplitude of oscillations of vyvF decreases and its periodicity increases as
long as V increases. Up to a big value of V we end up with lim
V−→+∞
vy
vF
= q2.
• For q2 6= 0, the vyvF values oscillate alternately positively and negatively around the distance q2.
• For q2 = 0, vyvF presents an inversion of the negative alternations, the curve is redressed and it
oscillates only in positive alternation.
(a) (b)
Figure 9 – (Color online) (a): For SSLGSL-3R, normalized velocity vy
vF
versus potential amplitude V for states with q2 = 0
(solid blue line), q2 =
1
4
(solid red line), q2 =
1
2
(solid orange line), q2 =
3
4
(solid pink line) and q2 = 1 (solid green line). (b):
For SSLGSL-2R, normalized velocities vx
vF
and
vy
vF
versus potential amplitude V for: state near ODP (dashed and solid green
line), state near the first ADP (dashed and solid red line), state near the second ADP (dashed and solid blue line), state near
the third ADP (dashed and solid black line), and state near the fourth ADP (dashed and solid magenta line). ADPs appear
at kyDm =
√
V2 − V2m/d where Vm = 2mpi with m ∈ N∗.
Recall that SSLGSL-2R is a particular case of SSLGSL-3R, and the corresponding two components
of the normalized group velocity near ODP can be obtained from (48) by fixing q2 = 0
vx
vF
= 1,
vy
vF
=
√
2
V
√
1− cos(V) (49)
SSLGSL-2R has ADPs located at (kx = 0, ky = kyDm , ε = 0) and the normalized group velocities near
such ADPs are given by
vx
vF
=
(
2mpi
V
)2
,
vy
vF
= 1−
(
2mpi
V
)2
. (50)
For SSLGSL-2R, in Figure 9b we plot the normalized group velocities vxvF (dashed lines) and
vy
vF
(solid
lines) versus the potential amplitude V. In the vicinity of ODP, the variation of vyvF is represented by
the solid green line, which has a half crest between 0 and 2pi. It decreases from 1 to 0 and then a
succession of crests, which appear between each 2pi whose amplitude decreases as long as V increases.
The green dashed line shows that vx = vF . First, we notice that the values where
vy
vF
of ODP is null
coincide with those where ADPs appear, namely Vm = 2mpi with m ∈ N∗. This coincidence proves
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the existence of a relation between the appearance of ADPs and the anisotropy of the group velocity.
In addition, the new ADPs contribute to the flow of charge carriers once they appear. We plot vxvF and
vy
vF
for states with ky = kyDm near the m-th ADP for some first values of m by the red, blue, black
and magenta lines for m = 1, 2, 3 and 4, respectively. To understand the transport characteristics of
SSLGSL-2R, it is very important to notice that there is no potential V, which can cancel all these
velocities at the same time, except for the potential V = V1 associated with the emergence of the first
pair of new Dirac points. We observe that at Vm, where one pair of Dirac points are emerging, vxvF
decreases from 1 but
vy
vF
increases from zero giving the sum vxvF +
vy
vF
= 1. When the two components
vx
vF
=
vy
vF
= 12 and now from (50), we get the relation V(vx = vy) =
√
2Vm, which has been illustrated in
the Figure 9b generated from the dispersion relation (39) and also has been already obtained in [17,18].
In the vicinity of Dirac points (kx = ±pid , ky = 0, ε = pi) and (kx = ±pid , ky = 0, ε = −pi), (73) in
Appendix gives the normalized group velocity
vx
vF
= 1,
vy
vF
=
1
d
√
B2(pi) (51)
with the condition V 6= pi.
Figure 10 – (Color online) Group velocity vy
vF
near Dirac point (kx =
pi
d
, ky = 0, ε = pi) for V = (4p+ 3)pi versus q2 with
p = 0, 1, 2, 3,∞ corresponding to blue, red, green, black and magenta curves, respectively.
Figure 10 elucidates the normalized group velocity
vy
vF
versus q2 for V = (4p + 3)pi with p is an
integer. It shows that
vy
vF
is maximum at q2 =
1
2 and we can write
vy
vF
)
q2=
1
2
=
(4p+ 3)
√
4p(2p+ 3) + (4p+ 3) cos(2pip) + 5
4
√
2pi |(p+ 1)(2p+ 1)| . (52)
All maximum values of
vy
vF
are between two limit values 1pi and
3
2pi corresponding to p −→ 0 and
p −→∞, respectively.
4 Conclusion
In the continuum model based on an effective Dirac equation, by using the transfer matrix method and
Bloch theorem, we have determined the dispersion relation for single layer graphene superlattice with
three regions (SLGSL-3R). These systems can be realized, for example, by applying an appropriate
external periodic potentials. The elementary cell of our SSLGSL-3R, composed of three successive
regions of potential V, 0, and −V, and characterized by V, d, and q =
{
1−q2
2 , q2,
1−q2
2
}
.
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A detailed theoretical study, of different Dirac point locations (ADPs, VDPs) and normalized
group velocity near them, was the object of our appendix. Indeed, we were particularly interested
to the horizontal and vertical contact points (HCPs, VCPs) in the energy spectrum corresponding to
ε = 0 and ky = 0, respectively. The vertical contact points (VCPs) in the first Brillouin zone and
horizontal contact points (HCPs) in minibands corresponding to the cases (kx = ±pid , ky = 0) and
(kx = 0, ε = 0), respectively. There were implemented in the dispersion relation (39) to obtain the
energies (53-54) related to VCPs location and (56) relating to the HCPs location. Before applying
Taylor’s approximation formula, we have transformed our dispersion relation into an implicit function
f(kx, ky, ε) = 0 where its gradient is zero at (HCPs, VCPs) and its Hessian matrices are diagonal.
The application of the Taylor formula, near the contact points, gave a quadratic relation (70), which
has been used to derive an energy with Dirac-like form and allowed us to conclude that the considered
(HCPs, VCPs) are additional Dirac points (ADPs) and vertical Dirac points (VDPs), respectively.
The components of the normalized group velocity, in the vicinity of the Dirac Points were also derived
from (70).
Interesting numerical results concerning the SSLGSL-3R electronic band structures have been
reported. It was shown that the electronic band structures contain zones depending on the number of
cones in the elementary cell. In the general case of SSLGSL-3R, we have obtained five different zones:
forbidden and of unbound, non-parabolic bound, serried parabolic bound, and less serried parabolic
bound states. In the particular case of SSLGSL-2R, there is only parabolic states, the five zones
are reduced to the three zones: forbidden, bound and unbound states. The potential amplitude V
has a very remarkable effect in minibands, because we have found the appearance of opening gaps
(ADPs) in SSLGSL-3R (SSLGSL-2R) as long as V increased. We have noticed that ODP exists for
all SSLGSL-3R configurations. The number of opening gaps and ADP depend also on the applied
potential V, indeed for V ∈]2lpi, 2(l + 1)pi] there are in the central zone (4l + 3) VDPs (one of them
is ODP), 2l opening gaps (ADPs) in SSLGSL-3R (SSLGSL-2R). Gradually as long as the distance q2
decreases, the opening gaps in minibands shrink and move away from ODP until appearance of ADPs
at kyDm = ±1d
√
V2 − (2mpi)2 with (V2 > (2mpi)2 and m ∈ N∗) where q2 = 0. VDPs are located at
ε = mpi with m ∈ Z, which takes place when cos(kxd) = ±1.
The contour plot of the energy band was illustrated near Dirac points, and we have observed that
the closed (open) contours depict unbound (bound) states and just near DPs the contours have a
like-elliptical form. Subsequently, we have illustrated the evolution cutting slices between the energy
cones and a plane just near ODP, the transition between the limiting cases of q2 −→ 0
(
q1 −→ 12
)
and
q2 −→ 1 (q1 −→ 0) the system changes from a SSLGSL-2R to a pristine graphene through SSLGSLs-
3R. It was shown that the width of cutoff region is |2dky| and there is only ODP on the side of q2 = 1
(q1 = 0).
A numerical exploitation of the normalized group velocity corresponding to SSLSL-3R has been also
reported. It was shown that the normalized velocity near ODP of a SSLSL-3R for different q2,
vx
vF
= 1
and lim
V−→+∞
vy
vF
= q2. Our general SSLSL-3R dispersion relation, allowed us to reproduce the behavior
of the SSLSL-2R group velocity near (ODP, ADPs) that was found in [17,18]. Finally, we have studied
an interesting case of the group velocity near VDP
(
kx = ±pid
)
versus q2 for (V = (4p+ 3)pi, p ∈ N∗),
which showed the results
vy
vF
)
max
=
vy
vF
)
q2=
1
2
and 1pi ≤ vyvF
)
max
≤ 32pi .
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5 Appendix
We explicitly determine the energy corresponding to different vertical contact points (VCPs) between
bands. Indeed, in the Brillouin zone center kx = ky = 0 , we obtain
ε(kx = ky = 0) = q1V1 + q2V2 + q3V3 + 2mpi, m ∈ Z (53)
whereas in the Brillouin zone edge
(
kx = ±pid , ky = 0
)
, the contact points should appear at energy
ε(kx =
pi
d
, ky = 0) = ε(kx = −pi
d
, ky = 0) = q1V1 + q2V2 + q3V3 + (2m± 1)pi, m ∈ Z. (54)
Both of (53) and (54) are valid for any distance qi 6= 1 and potential Vi. The pristine graphene
submitted to the potential Vi (qi = 1) has only one Dirac point located at ε(kx = ky = 0) = Vi. Note
that (53) generalizes that for SSLGSL-2R [18].
For SSLGSL-3R, we look for the coordinates of the contact points in the minibands (kx = ε = 0).
This gives the relation
V2 − d2k2y cos
(
(q2 − 1)
√
V2 − d2k2y
)
V2 − d2k2y
cosh(dkyq2)−
dky sin
(
(q2 − 1)
√
V2 − d2k2y
)
√
V2 − d2k2y
sinh(dkyq2) = 1
(55)
which has different solutions according to the value of q2. Indeed, for q2 6= 0 we have only one solution
ky = 0, but for q2 = 0 (SSLGSL-2R) we have two solutions
ky = 0, kyDm = ±
1
d
√
V2 − (2mpi)2, V2 > (2mpi)2 (56)
with m is an integer value no null. These show that for SSLGSL-2R, in minibands there are additional
contact points (ACPs) (kx = 0, ky = kyDm , ε = 0) in addition to (kx = 0, ky = 0, ε = 0). These results
have been also obtained in [18].
In order to determinate the dispersion relation close to a given contact point (kxc , kyc , εc), we
expand (39) around it. To do this, we need to write (39) as an implicit function
f(kx, ky, ε) = 0. (57)
In the contact points, where the band structures are intersected, the gradient of dispersion relation
(39) must be equal zero [24]. This implies that the contact point (kxc , kyc , εc) has to verify
f(kxc , kyc , εc) = 0, ∇f(kxc , kyc , εc) = 0. (58)
Now, we consider the Taylor approximation of f near the contact point (kxc , kyc , εc) to write
f (kx, ky, ε) ≈ f (kxc , kyc , εc) + ∆P∇f (kxc , kyc , εc) +
1
2
∆P tHf (kxc , kyc , εc) ∆P (59)
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where ∆P reads as
∆P =
 ∆kx∆ky
∆ε
 =
 kx − kxcky − kyc
ε− εc
 (60)
and the Hessian matrix H is a square matrix of second-order partial derivatives of f , which can be
explicitly determined by fixing the nature of contact point. Indeed, for SSLGSL-3R and in the contact
point (kx = 0, ky = 0, ε = 2mpi), the gradient and Hessian take the form
∇f (0, 0, 2mpi) = 0, Hf (0, 0, 2mpi) =
 −d
2 0 0
0 B1 0
0 0 1
 (61)
where the involved parameter is
B1(m 6= 0) = − d
2V2
8m2pi2
(
V2 − (2mpi)2
)2 [12pi2m2 + V2 − 4pim(2pim+ V) cos(2pimq2 + (1− q2)V)
+(2pim− V)((2pim+ V) cos(4pimq2)− 4pim cos(2pimq2 + (q2− 1)V))] (62)
which is only valid for m 6= 0 and V 6= 2pim. However, for m = 0 and V 6= 0, we find a strictly negative
quantity
B1(m = 0) = − d
2
V2
[
2 + q22V2 − 2 cos((q2 − 1)V)− 2q2V sin((q2 − 1)V)
]
. (63)
In the Brillouin zone edge
(
kx = ±pid , ky = 0, ε = χ
)
, the gradients are
∇f
(pi
d
, 0, χ
)
=∇f
(
−pi
d
, 0, χ
)
= 0 (64)
and Hessians read as
Hf
(pi
d
, 0, χ
)
= Hf
(
−pi
d
, 0, χ
)
=
 d
2 0 0
0 B2 (χ) 0
0 0 −1
 (65)
where for V 6= |χ| we have
B2(χ) =
d2V2
2χ2(χ2 − V2)2
[
3χ2 + V2 + (χ2 − V2) cos(2χq2)
+2χ
(
(χ+ V) cos (V+ (χ− V) q2) + (χ− V) cos (V− (χ+ V)q2)
)]
(66)
which is strictly positive. For SSLGSL-2R in ACPs (kx = 0, ky = kyDm , ε = 0), we find
∇f (0, kyDm , 0) = 0, Hf (0, kyDm , 0) =
 −d
2 0 0
0 B3 0
0 0
( V
4m2pi2
)2
 (67)
and B3 is giving by
B3 = −d2
(
V2 − (2mpi)2
4m2pi2
)2
. (68)
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All the above cases can be written in general form as
∇f (kxc , kyc , εc) = 0, Hf (kxc , kyc , εc) =
 A 0 00 B 0
0 0 C
 (69)
where A, B and C can be fixed in terms of the parameters (q,V, d) for a given contact point. Using
(57), (58) and (69) to write (59) in reduced form as
A∆k2x +B∆k
2
y = −C∆ε2 (70)
or equivalently
ε− εc = ±
√
−A
C
(kx − kxc)2 −
B
C
(ky − kyc)2 (71)
where sign(A) = sign(B) = −sign(C). This is exactly the dispersion relation near the contact point
and describes the anisotropy of energy contours.
On the other hand, from (71), we can determine the two component of normalized group velocity
corresponding to each contact point. They are defined by
vx
vF
=
1
d
∂ε
∂kx
,
vy
vF
=
1
d
∂ε
∂ky
. (72)
Near the contact points, we can approximate (72) by using (70) to obtain
vx
vF
=
1
d
(
∆ε
∆kx
)
∆ky=0
=
1
d
√
−A
C
,
vy
vF
=
1
d
(
∆ε
∆ky
)
∆kx=0
=
1
d
√
−B
C
. (73)
Finally, using (73) to write (71) as
ε− εc = ±d
√(
vx
vF
)2
(kx − kxc)2 +
(
vy
vF
)2
(ky − kyc)2 (74)
which is exactly the Dirac-like form of the dispersion relation, derived also in [25, 26] and therefore
the studied contact points can be seen as Dirac points. For Dirac fermions in pristine graphene
(vx = vy = vF ) and around the Dirac point (kx = 0, ky = 0, ε = 0) (74) reduces to
E =
~vF
d
ε = ±~vF
√
k2x + k
2
y. (75)
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